In this study, we consider the Korteweg-de Vries (KdV) equation for solitary waves in the domain of conformable fractional calculus. By means of this fractional theory, we obtain exact solutions for time, space, and time-space fractional KdV equations and demonstrate our results graphically according to the fractional order of the related equations. Furthermore, we report that the fractional order in the solution of the time fractional KdV equation is associated with viscosity of the medium by comparing three-dimensional picture presentations of solutions of time fractional KdV and Burgers-KdV equations.
Introduction
The Korteweg-de Vries (KdV) equation is a fundamental mathematical model for the description of weakly nonlinear long wave propagation in dispersive media [1] . The exact analytic solutions of this equation, in particular solitons and nonlinear periodic traveling waves, have great importance for applications in fluid dynamics. The KdV equation is a nonlinear partial differential equation for a displacement function u of two real variables, namely space x and time t:
where ∂ x and ∂ t stand for partial derivatives with respect to x and t. The solutions of Eq. (1) are called solitons or solitary waves. In order to obtain exact solutions or numerical solutions, the equation has been studied in detail by many authors in the literature [2] [3] [4] [5] [6] .
In recent years many phenomena in physics, engineering, and other sciences can be described successfully using fractional calculus, i.e. the theory of noninteger order derivatives and integrals [7] . For instance, the theory has been used in modeling control systems [8] , heat transfer [9] , and fluid dynamics [10] . However, many of the fractional differential equations that are used to describe the dynamics of real systems cannot be solved analytically due to some difficulties in the definitions of the fractional derivative operators. The most popular * Correspondence: hale.karayer@gmail.com of these operators are Riemann-Liouville and Caputo fractional derivatives.
where α ∈ R , n − 1 ≤ α < n and the superscripts RL and C stand for Riemann-Liouville and Caputo, respectively. They are derived by fractional integral and do not provide product, quotient, or chain rules, which are the basic rules of integer calculus. Moreover, the Riemann-Liouville derivative does not satisfy RL D α a (constant) = 0, if α is not a natural number. Therefore some approximation and numerical solution methods such as variational iteration method [11] and Adomian's decomposition method [12] must be used in order to solve fractional order linear and nonlinear differential equations.
Recently, a new definition of fractional derivative that provides the basic rules in integer calculus was introduced by Khalil et al. [13] :
where 0 < α ≤ 1 and D α is a conformable fractional derivative operator [13] . The definition given in Eq. (4), which is reduced to the classical definition of the first derivative for α = 1 , yields the following properties [13] :
Conformable fractional calculus based on this definition has been constituted and the basic concepts of this new simple interesting fractional calculus are studied in [14] . It is also indicated that an anticommutator of a generalized form of this fractional derivative operator served as a basis for the development of a selfadjoint operator that could have some applications in quantum mechanics [15] . Then this definition is used in order to solve the fractional order Schrödinger equation analytically [16, 17] . Though the definition fails in some properties, which are indicated by Ortigueira and Machado [18] , it is suitable for more applications as compared with Riemann-Liouville or Caputo fractional derivative operators in applied science [19] .
In this work, we consider time, space, and time-space fractional KdV equations via a conformable fractional derivative operator that allows us to solve noninteger order differential equations exactly. This paper is organized as follows. In the second section, the analytical solution of the KdV equation is briefly outlined in integer calculus. In the third section, the exact solutions of time, space, and time-space fractional KdV equations are given together with their 3-dimensional representations. Finally, we present our conclusions.
Solution of the KdV equation in integer calculus
A solution of a simple partial differential equation ∂ t u + v∂ x u = 0 , where v denotes the speed of the wave, is a function of the form u(x, t) = f (x − vt). For the nonlinear partial KdV equation given in Eq. (1), one can start with a trial solution:
where β and z denote the parameter v and the function f , respectively [2] . Substituting Eq. (6) into Eq. (1) the following ordinary differential equation is obtained:
Integrating this equation and choosing the constants of integration equal to zero, the exact solution of the KdV equation can be achieved as [2] u(
According to this solution β must be a positive number for a real solution. Thus this solution indicates a solitary wave that moves in the positive x-axis. Moreover, it can be seen that the amplitude is proportional to the speed of the solitary wave [2] . Figure ? ? presents the evolution of this solution with respect to x and t . It is assumed that the solitary waves given by Eq. (8), which are obtained from solution of the KdV equation, implicitly move along a homogeneous and nonviscous medium where space and time are continuous. However, the solitary waves move along a viscous medium that is fractal in terms of space and discrete in terms of time for a real physical medium.
Solution of the KdV equation in noninteger calculus
Since the real physical processes could be modeled successfully using fractional differential equations, we consider the KdV equation in the fractal domain for solitary waves. Thus evolution and interaction of solitary waves can be described in a realistic manner using noninteger calculus theory [5] . Hence we consider the KdV equation in terms of conformable fractional calculus and give exact solitary wave solutions for time, space, and time-space fractional KdV equations together with their solutions given by 3-dimensional picture presentations for different values of the fractional order α for β = 1.
Solution for the time fractional KdV equation
In view of time and space being separable let us handle the time fractional solution of the KdV equation. The first order partial derivative ∂ t in Eq. (1) is replaced by αth order partial conformable fractional derivative ∂
Here we just deal with evolution of the solitary wave in fractional time. Eq. (9) is a nonlinear partial differential equation and it is reduced to a nonlinear ordinary differential equation by using the following transformation [20] :
Together with this wave transformation, the key property of the conformable fractional derivative given as
′ is used for the first summand of Eq. (9):
In addition, the space-derivatives of the function u(x, t) can be written in terms of the variable ξ :
Substituting Eq. (11), Eq. (12), and Eq. (13) into Eq. (9), the following expression, given by Eq. (7) previously, can be obtained:
Thus, the solution of the time fractional KdV equation can be given directly by taking into consideration the wave transformation in Eq. (10) .
This displacement function, which depends on the fractional order α , is represented graphically in Figure ? ? for four different values of α . 
where the integer order of the partial derivative with respect to time t remains unchanged. In order to solve this equation analytically, firstly it is reduced to a nonlinear ordinary differential equation by using wave transformation:
For this trial solution, all of summands in Eq. (16) are transformed into the following forms:
Eq. (19) and Eq. (20) are derived by using the key property of the conformable fractional derivative.
Substituting these expressions in Eq. (16), the following ordinary differential equation, given by Eq. (7) previously, can be achieved:
Thus the solution of this equation can be written directly:
By setting α = 1 in this equation, we reproduce the solution of Eq. (1). The 3-dimensional picture presentations for u α (x, t) in Eq. (22) are given in Figure ? ? for four different values of the fractional order α .
Solution for the time-space fractional KdV equation
If all of the partial derivatives with respect to space x and time t are replaced by their fractional order forms in Eq. (1), the following nonlinear fractional differential equation is attained for the time-space fractional KdV equation:
Using a trial solution for u(x, t),
Eq. (23) becomes a nonlinear ordinary differential equation:
Here we used the definitions given in Eq. (11), Eq. (19), and Eq. (20) for the αth order conformable derivative with respect to t , αth order conformable derivative with respect to x, and threefold αth order conformable derivative with respect to x, respectively. Since we arrive at the same equation given by Eq. (7), the solution u(x, t) for the time-space fractional KdV equation can be written directly by using the related wave transformation:
This solution is reduced to the solution of the KdV equation for α = 1 and presented in Figure ? ? for different values of α in 3-dimensional pictures. 
Results and discussion
The propagation of solitary waves in viscous media can be described by the Burgers-KdV equation, which includes a viscous dissipation term explicitly:
where a , b, and c are real constants. Eq. (27) is the simplest form of the wave equation in which all terms, namely the nonlinearity (u∂ x u), the dispersion (∂ 
where β denotes the speed of the solitary wave. If the fractional order α in Eq. (15) is indeed related to the property of viscosity of the medium, the displacement functions u(x, t) in Eq. (15) 
Conclusion
In order to give a more realistic picture for displacements of solitary waves, we consider that the solitary waves in Eq. (8) move along a viscous medium where space and time are discrete. In this case, we need a parameter related to the property of viscosity of the medium. According to our assessments, this parameter can be inserted into the equations via a conformable fractional derivative where derivative order is α . Therefore the effect of viscosity in the medium becomes prominent when α approaches 0 . In this context, the case α = 1 corresponds to the nonviscous medium. We obtained the fractional order dependent solutions of time, space, and time-space KdV equations by conformable fractional derivative. These solutions, which are given by Eq. (15) Figure ? ? indicate that the solutions u α (x, t) are still a single solitary wave solution for the values of α ≥ 0.35. Therefore in conformable fractional calculus the balancing scenario between nonlinearity and dispersion is valid. This is the most common criterion for the existence of solitary waves [5] . Moreover, it is obvious to conclude from the plotted graphs that the structure of the solitary waves for the time, space, and time-space fractional KdV equations have been continuously varying depending on the fractional order.
To the best of our knowledge, fractionalization of the KdV equation in terms of conformable fractional theory is studied for the first time.
